Abstract-A semi-analytical approach for a specific microstructured fiber, which is formed by layered cylindrical arrays of circular rods in a homogeneous background medium, is presented. The M circular rods are symmetrically distributed on each of the N -concentric circular cylindrical surfaces The method uses the T -matrix of a circular rod in isolation, the reflection and transmission matrices for a cylindrical array, and the generalized reflection and transmission matrices for a cylindrically layered structure.
INTRODUCTION
Photonic crystal fibers, with a core of a higher average index than the microstractured claddings, are now finding applications in diverse areas such as fiber-optic communications, fiber lasers, nonlinear photonic devices, highly sensitive sensors, and so on [1] . The modal properties of photonic crystal fibers have been extensively investigated using the finite element method [2] , the multipole method [3] , the finite difference frequency domain method [4, 5] . These numerical methods can be versatilely applied to various microstructured configurations but are computationally intensive. Approximate analytical methods using the effective index model [6] or a variational principle [7] have been also proposed to investigate the fundamental modal properties of photonic crystal fibers.
In this paper, we shall present a semi-analytical approach for the scalar field in a specific microstructured fiber which consists of layered cylindrical arrays of M circular rods symmetrically distributed on each of N -layered concentric circular cylindrical surfaces. The method uses the Tmatrix of a circular rod in isolation, the reflection and transmission matrixes for a cylindrical array, and the generalized reflection and transmission matrices for a cylindrically layered structure [8] . Through this approach, the analytical model [9] developed for layered planar arrays of circular rods is extended to the layered cylindrical arrays.
GEOMETRY OF THE PROBLEM
The specific microstructured fiber considered here is formed by N -layered cylindrical arrays of circular rods located in a homogeneous background medium with material constants ε c and µ c as shown in Fig. 1 . The M circular rods are symmetrically distributed on each of the N concentric circular cylindrical surfaces with radii d ν (ν = 1, 2, 3, . . . , N ). Fig. 1 shows a typical example with M = 6. The M circular rods should be identical along one ring but those on different rings need not be necessarily identical. The cylindrical surface with radius d ν is labeled as the ν-th layer. The radius and material parameters of the circular rods distributed on the ν-th layer are denoted by r ν , ε ν , and µ ν , respectively. The radii d ν and r ν must satisfy the condition d ν+1 − d ν > r ν+1 + r ν so that the consecutive layers do not interpenetrate each other. The concentric homogeneous region within d ν + r ν < ρ < d ν+1 − r ν+1 is labeled as the (ν)-th region.
FIELD EXPRESSIONS
A scalar wave analysis is employed using the cylindrical wave expansion. For simplicity, we assume the case where M = 6. The general case with arbitrary M can be dealt with in the same way. From the symmetry of the structure, the field is not changed under the rotation by an angle of π/3 with respect to the global origin O. Taking into account this symmetric properties, the field in the (ν)-th region can be expressed as follows:
where κ = n 2 c k 2 − β 2 , J n (κρ) and Y n (κρ) are the Bessel and Neumann functions of the m-th order, {b (ν) n } are the amplitudes of the cylindrical waves scattered from the outer circular rods on n } are those scattered from the inner circular rods on the ν-th layer, and β is the propagation constant. Equation (1) is rewritten in the matrix form as follows:
n + 2 cos(nπ/3) + 2 cos(2nπ/3) (4)
where the vector quantities are defined as the column vectors and the superscript T denote the transpose of the indicated vectors.
REFLECTION AND TRANSMISSION MATRICES

Incidence of the FieldΦ
The scattering process characterizing the reflection and transmission by the circular rods on the ν-th layer and the six local cylindrical coordinate systems fixed to each of the rods are schematically illustrated in Fig. 2 . Let us consider that the fieldΦ
is incident from the (ν)-th region on the ν-th layer of the arrays and is scattered. The scattered field in the (ν)-th region with ρ ν j > r ν (j = 1, 2, 3, . . . , 6) are expressed as follows:
where (ρ ν j , ϕ ν j ) (j = 1, 2, 3, . . . , 6) are the local cylindrical coordinate systems whose origins are located at the centers of each circular rod as shown in Fig. 2 and {a (ν) m } denote the unknown scattering amplitudes. It should be noted that {a (ν) m } take the same values for all the rods because of the symmetry of the structure. Equation (6) can be rewritten in the matrix form as follows:
The scattered field (7) must satisfy the boundary conditions on the surfaces ρ ν j = r ν (j = 1, 2, 3, . . . , 6) of each circular rod under the presence of the incident fieldΦ T · b (ν) . Since the structure and the incident field are not changed under the rotation by π/3 with respect to the global origin O, we can consider the boundary condition only on the 1 rod. Note that if this boundary condition on 1 rod was satisfied, the boundary conditions on all other rods are automatically satisfied.
In order to apply the boundary condition on the 1 rod, the scattered fields based on the local coordinates ρ ν j = r ν (j = 2, 3, . . . , 6) are transformed into those expressed in terms of the local coordinate (ρ ν 1 , ϕ ν 1 ). This transformation is easily performed using the Graf's addition theorem for the cylindrical functions. After straightforward manipulations, we have the following relations:
where
As the second step of the analysis, the incident fieldΦ
given in the global coordinate system (ρ, ϕ) is transformed into the local coordinate system (ρ ν 1 , ϕ ν 1 ) using the Graf's addition theorem. Then we haveΦ
Using Equations (8) and (10), the total field around the 1 rod may be expressed in the following form:
In Equation (12), the first term may be viewed as the incident field impinging on the 1 rod, whereas the second term is the scattered field from the same cylinder. This argument leads to a relationship between b (ν) and a (ν) as follows:
where T (ν) is the T -matrix of the circular rod of the ν-th layer in isolation, whose close form expression is given in the standard text book [8] . From Equation (13) we have
whereT (ν) + may be regarded as an aggregate T -matrix of the six circular rods symmetrically distributed on the ν-th layer.
Using Equation (14) in Equation (7), the scattered field is expressed in terms of the amplitude vector b (ν) of the incident field. However, the expression is still based on the local coordinate systems ρ ν j = r ν (j = 1, 2, 3, . . . , 6). As the third step to obtain the reflection and transmission matrices, Equation (7) is transformed into the expression based on the global coordinate system (ρ, ϕ) by making use of the Graf's addition theorem. The resulting expressions are different in the (ν)-th region for ρ > d ν + r ν and the (ν − 1)-th region for
For the incident fieldΦ T · b (ν) form the (ν)-th region, Equation (15) yields the reflected field into the same region. Using Equation (14) in Equation (15), the reflected field into the (ν)-th region may be expressed as follows:
From the comparison of Equation (16) with Equation (2), it follows that R ν, ν−1 gives the reflection matrix of the ν-th layer, which defines the reflection from the (ν − 1)-th region to the (ν)-th region by the circular rods on the ν-th layer. When ρ < d ν − r ν , on the other hand, the scattered field (7) is expressed in global coordinate system (ρ, ϕ) as follows:
Substituting Equation (14) into Equation (17), the scattered field in the (ν − 1)-region is obtained as
From the comparison of Equation (18) with Equation (2), it follows that F ν−1, ν gives the transmission matrix of the ν-th layer, which defines the transmission from the (ν)-th region to the (ν − 1)-th region through the circular rods on the ν-th layer. 
Incidence of the FieldΨ
withT (ν)
where F ν, ν−1 defines the transmission matrix from the (ν −1)-th region to the (ν)-th region through the ν-th layer of cylindrical array and R ν−1, ν defines the reflection matrix from the (ν −1)-th region to the (ν − 1)-th region.
GENERALIZED REFLECTION AND TRANSMISSION MATRICES
If the positions of the 6 cylinders on the ν-th layer are shifted counterclockwise by an angle of θ ν with respect to the global coordinate x-O-y. the reflection and transmission matrices are slightly modified asR
where θ ν = [e −imθν δ mm ] is a diagonal matrix. The generalized reflection and transmission matrices of the N -layered system as shown in Fig. 1 can be obtained by concatenating the reflection and transmission matrices for each layer of the cylindrical arrays. This calculation is performed usinĝ
given by Equations (22) and (23). Taking into account the scattering process as schematically shown in Fig. 3 , the total field in the (ν)-th region is expressed as follows:
whereR ν, ν+1 represents the generalized reflection matrix viewed from the (ν)-th region to all of outer regions. The recursive relation for the generalized reflection matrix for the N -layered structure is obtained as
Equation (25) 
MODAL FIELDS AND PROPAGATION CONSTANTS
In the region (1) of the N -layered system as shown in Fig. 1 , we have the following relation:
Equation (27) leads to
whereR 12 is calculated using the recursive relation (25). Equation (28) yields the dispersion equation for the mode propagation constant β as follows:
The solutions to Equation (29) is used in Equaiton (28) to determine the amplitude vector b (1) characterizing the mode fields. Using the solutions of b (1) in Equation (27), c (1) is obtained. The other amplitude vectors b (ν) and c (ν) can be recursively calculated. The mode field distribution in each of (ν)-th region can be obtained by substituting the calculated amplitude vectors b (ν) and c (ν) into Equation (24).
CONCLUDING REMARKS
We have presented a semi-analytical approach for a specific microstructured fiber which is formed by layered cylindrical arrays of M circular rods symmetrically distributed on each of N -layered concentric circular cylindrical surfaces. The method uses the T -matrix of a circular rod in isolation, the reflection and transmission matrixes for a cylindrical array, and the generalized reflection and transmission matrices for a layered cylindrical structure. Although the formulation was presented for the scalar field, its extension to the vector fields is straightforward. In this case, we must introduce two scalar fields representing E z and H z fields. The T -matrix of a circular rod, the reflection and transmission matrixes, and the generalized reflection and transmission matrices are defined in terms of the cylindrical harmonics of both E z and H z fields as the basis. Then the size of matrices to be solved becomes four times larger than that of the scalar field case.
Erratum to "Semi-analytical Approach for a Specific Microstructured Fiber"
Equations (18) 
